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ABSTRACT. In this paper we are interested in the existence of solutions for Dirichlet problem 
associated with the degenerate nonlinear elliptic equations 


— div[A(z, Vu) wi + B(x, u, Vu) we] + H(z, u, Vu) ws = fo(x) — ba D; f(x) in Q, 
j=l 


u(x) = 0 on OQ, 
in the setting of the weighted Sobolev spaces. 


1. INTRODUCTION 


In this paper we prove the existence of (weak) solutions in the weighted Sobolev space 
WE? (Q, w1) (see Definition 2.3) for the Dirichlet problem 


Lu(x) = fo(x) - V D; fi(x) in Q, 


u(x) =0 on OQ, 


(P) 


where L is the partial differential operator 


(1.1) Lu(x) = — div [| A(x, Vu) w + B(x, u, Vu) we] + H(z, u, Vu) ws 











where D; = 0/0x;, € is a bounded open set in R”, wi, w2 and ws are three weight functions 





(which represent the degeneration or singularity in the equation (1.1)), 1 < q, s < p < oo 
and the functions A; : QxXR”>R , B; : QXRXR”>R (j = 1,...,n) and H : Q x Rx R”—> R 
satisfying the following conditions: 
(H1) z—.A;(x,£) is measurable on €) for all £ € R”, 

£A; (x, £) is continuous on R” for almost all zeQ. 




























































































Keywords: degenerate nonlinear elliptic equations, weighted Sobolev spaces. 


©2020 Science Asia 


2 A.C. CAVALHEIRO 
(H2) There exists a constant 0, > 0 such that 
(A(z, E) — Alz, £), (E — CP 


whenever £, E'ER”, £Z£', and A(x, €) = (A(x, &),..., An(x, £)) (where (.,.) denotes here the 
Euclidian scalar product in R”). 
(H3) (A(z, £), £) > Ay|£E[*, where A; is a positive constant. 
(H4) |A(z, £)| < Ki(x) + hi(z)]|£/', where Kı and hı are nonnegative functions, with 
h,€L*(Q) and Ki€L? (Qu) (with 1/p + 1/p' = 1). 
(H5) zB;(r,n,£) is measurable on € for all (n, £) € RxR”, 
(n, €) 4B; (x, n, £) is continuous on RxR” for almost all z€Q. 
(H6) (B(x,n,€) — B(z, n^, €), (€ — £)) > 0, whenever £, E'ER", ££, where B(z,5,€) = 
(Bim £), Balai, €) 
(H7) (B(x,n,£), £) 2 A2l£| + As|n|*, where A? > 0 and A» 7 0 are constants. 
(H8) |B(z, n. £)| < Ko(x) + s ()In|" * + go(w)|E |", where Ky, gy and g> are nonnegative 
functions, with g; and g;2€ L*(Q), and K5€ L* (Q, w2) (with 1/q -- 1/q' — 1). 
(H9) r+ H(z, n, £) is measurable on Q for all (5, £) €RxR” 
(n, £)  ?1(x, m, £) is continuous on RxR” for almost all z€Q. 
(H10) [2£(2, 0, €) — 7£(, m £€))(n — w) > 0, whenever n, y'€R, nz. 
(H11) 71(x,9, En 2 A3|£|* + As|n|^, where A3 and A3 are nonnegative constants. 
(H12) |H(2x,, €)| € K3(x) + ha) || 5 + ha()|£ |^ , where Ks, ha and hg are nonnegative 
functions, with K3€ L^ (Q, ws) (with 1/s + 1/5' = 1), hz and hae L^*(Q). 



































































































































Let Q be an open set in R”. By the symbol W(Q) we denote the set of all measurable a.e. 





in Q positive and finite functions w = w(x), x € Q. Elements of W(Q) will be called weight 











functions. Every weight w gives rise to a measure on the measurable subsets of IR" through 





integration. This measure will be denoted by u. Thus, u(E) = | w(x) dx for measurable 
E 


sets E C R”. 
In general, the Sobolev spaces W^?(Q) without weights occur as spaces of solutions for 














elliptic and parabolic partial differential equations. For degenerate partial differential equa- 
tions, i.e., equations with various types of singularities in the coefficients, it is natural to look 
for solutions in weighted Sobolev spaces (see [2], [3], [4] and [7]). In various applications, 
we can meet boundary value problems for elliptic equations whose ellipticity is disturbed 
in the sense that some degeneration or singularity appears. There are several very con- 
crete problems from practice which lead to such differential equations, e.g. from glaceology, 
non-Newtonian fluid mechanics, flows through porous media, differential geometry, celes- 
tial mechanics, climatology, petroleum extraction and reaction-diffusion problems (see some 
examples of applications of degenerate elliptic equations in [1] and [6]). 

A class of weights, which is particularly well understood, is the class of A,-weights (or 
Muckenhoupt class) that was introduced by B. Muckenhoupt (see [15]). These classes have 
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found many useful applications in harmonic analysis (see [17]). Another reason for studying 














A,-weights is the fact that powers of distance to submanifolds of R” often belong to A, (see 
[13]). There are, in fact, many interesting examples of weights (see [12] for p-admissible 
weights). 

The following theorem will be proved in section 3. 
Theorem 1.1. Let 1 «q,s « p « oo and assume (H1)-(H12). If 


(i) wy € Ap, w2 and w3 € W(Q), 2 € L" (0,w1) and x € L'?(0,u4), where rı = p/(p — q) 
Wy Wy 


and r2 = p/(p — s); 
(it) fo/we € LI (Q, wo) and filu c L?'(Q,u) G = 1, aan). 
Then the problem (P) has a unique solution u € Wo? (Q, w1). Moreover, we have 


n 1/(p-1) 
ella? awy SC | Coa Il fo/2ll ren: + 2, lwil aa ; 
PP (un) (un) 


j=l 


where C = [(C5 + 1)/1] V 979. (Co is the constant in Theroem 2.2 and C4, is the constant 
in Remark 3.2(i)). 


2. DEFINITIONS AND BASIC RESULTS 














Let w be a locally integrable nonnegative function in R” and assume that 0 < w < oo 
almost everywhere. We say that w belongs to the Muckenhoupt class Ap, 1 < p < oo, or 
that w is an A,-weight, if there is a constant C = C, such that 


Lm) omm] e 


for all balls B C R”, where |.| denotes the n-dimensional Lebesgue measure in R”. If 1 < 
q € p, then A, C A, (see [10], [12] or [17] for more information about A,-weights). The weight 
w satisfies the doubling condition if there exists a positive constant C such that 


























p(B(v; 2r)) € C u(B(u;r)), 











for every ball B = B(x; r) C R^, where p(B) = Jf, (2) dx. If wEAp, then u is doubling (see 
Corollary 15.7 in [12]). 

As an example of A,-weight, the function w(x) = |2|*, xeR”, is in A, if and only if 
—n « a « n(p — 1) (see Corollary 4.4, Chapter IX in [17]). 


If € A,, then 
p 
(BY «cae 
|B| u(B) 


whenever B is a ball in R” and F is a measurable subset of B (see 15.5 strong doubling 





























property in [12]). Therefore, if u(E) = 0 then |E| = 0. The measure u and the Lebesgue 
measure |.| are mutually absolutely continuous, i.e., they have the same zero sets (u( E) = 0 
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if and only if | E| = 0); so there is no need to specify the measure when using the ubiquitous 
expression almost everywhere and almost every, both abbreviated a.e.. 











Definition 2.1. Let w be a weight, and let Q CR” be open. For 1 < p < oo we define 





L?(Q,w) as the set of measurable functions f on Q such that 


1/p 
IF leew) = (f |f Pu ir) < oo. 


If we A, 1 < p < oo, then w-/-) is locally integrable and we have 
LP(Q,w) C LL.(Q) for every open set Q (see Remark 1.2.4 in [18]). It thus makes sense 


loc 


to talk about weak derivatives of functions in L?(Q,w). 











Definition 2.2. Let w be a A,-weight (1 < p < oo), and let Q C R” be a bounded open set. 
We define the weighted Sobolev space W'?(Q,w) as the set of functions u € L?(Q,w) with 
weak derivatives D;u € L?(Q,w). The norm of u in W*?(Q,w) is defined by 


n 1/p 
(2.1) Illes 7 ( [Inte > f DPwde) 
j=l 


If w € Ap, then Wt?(Q,w) is the closure of C?*(Q) with respect to the norm (2.1) (see 
Theorem 2.1.4 in [18]). The spaces W1?(Q,w) are Banach spaces. 

The space Wo? (Q, w) is the closure of C° (Q) with respect to the norm (2.1). Equipped 
with this norm, Wg” (Q, w) is a reflexive Banach space (see [14] for more information about 
the spaces W1”(Q,w)). The dual of space Wy’?(Q, w) is the space 


[Wo (Q, u)]* 





-(T- fo — div(F), F= Qf): 2 


It is evident that a weight function w which satisfies 0 < cı < w(x) € c9 for x € Q (where 


€ LP (Q,w), j = 0,1,...,n}. 


c, and cz are constants), give nothing new (the space Wo P(Q, w) is then identical with the 
classical Sobolev space WI? (Q)). Consequently, we shall be interested above all in such 
weight functions w which either vanish somewhere in €) or increase to infinity (or both). 

In this paper we use the following results. 











Theorem 2.1. Let w € Ap, 1 < p < oo, and let Q, be a bounded open set in R”. If Um— u 
in L?(Q,w) then there exist a subsequence {Um,} and a function 6 € L?(Q,w) such that 

(i) um, (x) ulz), my — oo a.e. on Q; 

(it) um, (x)| € (x) a.e. on Q. 














Proof. 'The proof of this theorem follows the lines of Theorem 2.8.1 in [9]. 














Theorem 2.2. (The weighted Sobolev inequality) Let Q be an open bounded set in R” and 
w€A, (L< p< oo). There exist constants Co and 6 positive such that for all u € Wq"(Q,w) 
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and all k satisfying 1 € k € n/(n — 1) 4-6, 
(2.2) Ill reo (o, < Call [Vu ll reco): 
where Co depends only on n,p, the A,-constant C(p,w) ofw and the diameter of Q. 


Proof. Its suffices to prove the inequality for functions u € C (Q) (see Theorem 1.3 in [8]). 
To extend the estimates (2.2) to arbitrary u € Wo" (Q,w), we let {um} be a sequence of 
C$ (Q) functions tending to u in WJ?” (Q,w). Applying the estimates (2.2) to differences 
Um, — ugs, we see that {um} will be a Cauchy sequence in L*?(Q,w). Consequently the limit 














function u will lie in the desired spaces and satisfy (2.2). 
Definition 2.3. We say that an element u € WẸ” (Q, w1) is a (weak) solution of problem (P) 
if 


] Ae va Veer dz | (Bis u Vu), Vn dz + | HG Vu) ei dz 
Q Q 


Q 
=f eds «Y [ fiDjeds. 
Q ja 49 


for all e € WI? (Q, w1). 


Remark 2.3. (i) If = €L"(Q,w1) (where rı 2 p/(p—q), 1< q < p < oo) then 
1 


Ill rsqous) S Coa [lll cory: 


where C,, = ||w2/ wl (Qw): ln fact, by Hólder's inequality we obtain 


W2 
q = q d E qoem d 
lulio = f Ifnde = | af Pan de 
q/p WD (p—4)/p 
Dr ult" de) (f (aui)? p—4q aide) 
Q 


= lulli P(Q,w1) |co2/ |l pr (Qw) 


IA 


Hence, 
lll ratos) S Crall Ul cour) 


(ii) Analogously, if = € L™(Q,w1) (where ra = p/(p— s), 1 < s < p < oo) then 
1 





llu] Ls (Q,w3) < Cp,s lull reco us): 


where C, , = llo f S (Qw) 


(iii) Since w € Ap, then by Theorem 2.2 (with k = 1), we have 


IVe] lize) S uh, 


aP (Q,w1) 


f taies f |Vul? w dx 


(Ch + UII [Vul leew: 


IA 
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Hence, 


I [Vu] loq) S Millie, € (C6 + DPI Vul leren) 
0” (2,01) 


3. PROOF OF THEOREM 1.1 


The basic idea is to reduce the problem (P) to an operator equation Au = T and apply 
the theorem below. 
Theorem 3.1. Let A: X—X* be a monotone, coercive and hemicontinuous operator on the 
real, separable, reflexive Banach space X. Then the following assertions hold: 

(a) For each T € X* the equation Au =T has a solution u£ X; 

(b) If the operator A is strictly monotone, then equation Au = T is uniquely solvable in 
X. 





Proof. See Theorem 26.A in [20]. 














To prove Theorem 1.1, we define B, B1, Bz, Ba : WI" (Q, w1) x Wo? (Q, 0) 2 R and T : 
WEP (Q, w1) 2 R by 























B(u, p) 2E Bi(u, p) 23 Ba(u, p) + Ba(u, p), 


Bi(u,y) = [ Ale. Yu), 9) wr de, 
B2(u,y) = [ (Bleu, Vu), Ve) wade, 


Bike) = | Bs VU) uds 


] fords © ff Diode 
Q ja 


H 
S 
I 


Then u € WE? (Q, w1) is a (weak) solution to problem (P) if 


B(u, p) J Bı (u, p) 2n Ba(u, p) F B3(u, p) cx T(y), 


for all o € WS? (Q, w1). 
Step 1. For j = 1,...,n we define the operator F; : Wy" (Q, w1) 2L? (0,0) as 


(Fju)(a) = Aj(x, Vu(z)). 


We now show that the operator F}; is bounded and continuous. 
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(i) Using (H4) we obtain 
File or) B f Enor w dx 
= f |A;(£, Vu)? ux dx 
Q 


p 
[ (cour) w da: 
Q 


END 3 |t + Iva tz 


= O| f Kt wde f Auf de 
Q 


C (I6. + Me IV on 


IA 


IA 


p p 
8.1) « C (Irt Ia rs) 


where the constant C, depends only on p. Therefore, in (3.1) we obtain 


Elea SC (Killian + Vallis li 


(ii) Let u,,— u in Wy" (Q, w1) as m — oo. We need to show that Fyum—Fyu in L?' (Q, w1). 
We will apply the Lebesgue Dominated Convergence Theorem. If u,,— u in Wo P(Q, w), 
then |Vum|> |Vu| in L?(Q,w1). Using Theorem 2.1, there exist a subsequence {Um, } and a 
function 9$, € P(Q, w1) such that 


Um, (z)—u(x) ae. in Q, 
Djttm,(£) 4 Dju(x) a.e. in Q, 
[Vus (x)| £91(x) a.e. in Q. 


Next, applying (H4) we obtain 


Ej, — Fits gaan) = f Htm) — EGO a de 


ji Mein NAEP ade 
Q 


IA 


Cp | (mwe Vum, )|P + |A; (2, vor Jar dx 
Q 


p' 
Cp p (K: + hi |V um, P” ) Wy dx 
Q 


IA 
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p! 
[ (cessum) ad 
Q 


p' 
< 2 [ (enn) w dx 


< 205 n wide + f A Ofer de 
Q 


+ 


< 20, Ies, + Malwa, f rae] 


= 26, Ie Vlll 
By condition (H1), we have 
Fjum, (2) = Aj(, Vus, (2))2 AjG, Vu(z)) = Fju(z), 
as mj, — +00. Therefore, by the Lebesgue Dominated Convergence Theorem, we obtain 
|j, Bulio 0, 


that is, 
Fjum, > Fyu in L? (Q,0). 


We conclude from the Convergence Principle in Banach spaces (see Proposition 10.13 in [19]) 
that 


(3.2) Fjum> Fju in L?' (Q, 0). 
Step 2. We define the operator G; : W9? (Q, w1) — Lt (Q, w2) by 
(Gju)(«) = B;(x, u(x), Vu(z)). 


This operator is continuous and bounded. In fact, 
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(i) Using (H8) and Remark 2.3(i) we obtain 


/ 
IGyullt, «s 


w2) 
= | |Gju(x)|* we dx 
Q 


= I |B; (x, u, Vu)| ws da 
Q 


q 
< f (auf + glu") w dx 
Q 


«ef acy’ + of ful + of 1Vul | di 


E centes doloe ten 
Q Q Q 


Aa on + [iilo Mell dace) + ool o yll [Vu] ll zat uu) 
‘(Q,w2) 





1 
AREA '(Q,w2) T | gall? Calel Taasi 





+s lalio l Vul kam) 


(3.3) ALR + Ca (lali + Moles) alia D 


where the C} depends only on q. Therefore, in (3.3), we obtain 


IG ull rio uy 


(3.4) «cy (Ilis + Cr (Ils o + laelle) Halle bap: 


(ii) Let u,,— u in Wy? (Q, w1) as m — oo. We need to show that Gjum—> Gju in Lt (Q, w2). 
We will apply the Lebesgue Dominated Theorem. If um—> u in WEP (Q, w1), then uu 
in L (Q, w) and |Vum|> |Vu| in P(Q, w1). Using Theorem 2.1, there exist a subsequence 
{um, } and functions ®1, 65€ LP (Q, w1) such that 


Um, (z)u(x) ae. in Q, 

lum, (L)|<Po(x) ae. in Q, 
Djtm, (x) — D;u(z) a.e. in Q, 
[Vus (x)| €91(x) a.e. in Q. 
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Next, applying (H8) and Remark 2.3(i) we obtain 
IG; jUmy — G; Hl ates 


= f IG) - Giu) dr 
Q 


= [ BG tn; Ns) — Bier u V) nd 
Q 


EC, f (185, tims Vem I + IB c s V" Jos dx 


q 
EC, Lf (Ka+ gti eau) W2 dx 
Q 


q’ 
+ (Kotola + gv) wda! 
Q 


1 


q 

<2 C4 / (ss + gi 92/7. + gi ) wə da 

Q 
«2, d KY unde f df Sonde. | of'oturas| 
Q Q Q 
«2C, [Heal + ila) f nde 
Q 

Mif [t 

= 26, WKN o Vs ilc 

Vlll 

x26, Malt. Chal Ili 

c. atl Abe 
By condition (H5), we have 
GjUm, (£) = BG ting (£), VU (£))—> B;(x, u(x), Va) |) = Gl), 

as mj, — +00. Therefore, by the Lebesgue Dominated Convergence Theorem, we obtain 


Gum, — Gull ra’ (o5) 0, 


that is, 
GjUm, Gr in L3 (Q, we). 
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We conclude from the Convergence Principle in Banach spaces (see Proposition 10.13 in [19]) 
that 
(3.5) Gjum> Gju in Lt (Qus). 
Step 3. We define the operator H : Wi" (Q, w1) > L°’ (Q, w3) by 


(Hu)(x) = H(a, u(x), Vu(x)). 


We also have that the operator H is continuous and bounded. In fact, 
(i) Using (H12) and Remark 2.3(ii) we obtain 


|| Hu 





tows) = ag w3 dx 
Q 
= | leu, v n dz 
Q 
«f (K + hau + tav) ws dx 
Q 
«e, [ ug + h$ [ul + hs |Vul®)w3 dx 
Q 


<C; [KS osde + Mali f ul wade + Walley f Vuln de 
2 Q 2 








«c. (IK 1-9) + hallie Ci slulta) + llPallicayCp.sll [Vel [o 











G5) xe + Ciela Mali) Pla) 


where the constant C, depends only on s. Hence, in (3.6), we obtain 


|| Hu 











i^ SC. Kal any + Ct Illo Ml elio 


(ii) Applying (H12) and Remark 2.3(ii), by the same argument used in Step 1(ii), we obtain 
analogously, if um — u in WẸ? (Q, w1) then 


(3.7) Hum— Hu, in L° (Q, ws). 
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Step 4. Since h € L* (Q, w2) and z 


Moreover, we ave 


€ I?'(Q,u4) (j = 1,..,n) then T e [Wy (Q, ui). 


IT(v)] 


IA 


f Mollet 7 f islDyelae 

Q PAo 

S oast [ Diou ae 

Q w2 jai 9 WI 

Il fo/wall rat to sy Ml rato us) "m > Filla) I Vel ll rocas) 


j=l 


< (o. || alla Ifa hell water) 
j=l 


IA 


^ 


Moreover, we also have 


|IB(ue)| € |Bi(u e)| + |B2(u, »)| + [Bs(w, e) 
< [AE llis de + | [Bu VO Volw dr 
Q Q 
(3.8) +f nos Volos 
Q 


In (3.8) we have, by (H4), 


Í | A(z, Vu)| |V] w dz < / (K: + hivu) IVo|w; dz 
Q Q 
A E E Mlle qol [Vel Moo sl Vel Meco) 


< (Ilario + Ville) Wigan 


and by (H8) and Remark 2.3(i) 


I B(x, u, Vu)| |Vy| we dx < I (5 + gilu[ + gla) IV«| we dx 
Q Q 


< [Koller tou [VOI losa + Manet lelau l VPI lra 


+ llgallzes cal [Vee loull [VI Ize cor 
< Cya|| Kall pa (Q,w2) I Vel llo (Q,w1) +o aliss lelia (Q,w1) Coa ll IV vl ll» 04) 
+ [lgoll zs C M IV llt, Coll [Vl locu) 


s |Gralieli is + (Clin + tall) Tli len 


NONLINEAR DEGENERATE ELLIPTIC EQUATIONS 13 
and by (H12) and Remark 2.3(ii) 
f |H(x, u, Vu)| |ip| ws d< | (5 + ha|u [5 + hal Vu”) el da 
Q Q 


< f Kel de + [halimo f I^ len + holie | Vul els dr 
Q 


< || Ks| pon 














L'awa) lE rs tus) + Mtl ree toy llle o us llel 
€ Cys|| Kall p. (o lel (Q,w1) + lal rss to on s Dell zac (Q,w1) Crsll Pll ro (os) 


+ Pallio Cs WIV el liaa) Cpl) 


< lc». Kal 


Ls (Q wa) 








1^6 + Cha ali Illi lida ellc rena 


Hence, in (3.8) we obtain, for all u, y € WẸ” (Q, w1) 


IB(u, 9)| 


SI cn) Millen, + een 





i Cj (Ig los (o; “sl lla roe o5) lll DPQ, w1) MEC L5' (Qu) 








+ Css (IPod ros oy + Mall resto) Mello uy | Hella” oer): 


Since B(u,.) is linear, for each u € Wo P(Q, w1), there exists a linear and continuous func- 
tional on W” (Q, w1) denoted by Au such that (Au|y) = B(u, v) for all u, p E Wè” (Q, w) 
(here (f|x) denotes the value of the linear functional f at the point x). Moreover 

Aull, X Kilroe) + lile lul 


T Coll Koll za us) 


oe (Q,w1) 
T C$ (gilli a) + lg2llz=) lllo. d (Qui) 
Chall Kalle leeg + Wall zn 








where ||Aul|, = sup{|(Auly)| = [B(u. &)| : e € Wo" (0,01); [I¥llw22(o0,) = 13 is the norm of 
the operator Au. Hence, we obtain the operator 


A: W?(Q,01) > [WEP (Q, uj)" 


uc Au. 


Consequently, problem (P) is equivalent to the operator equation 


Au = T, ve Wo? (O, w1). 
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Step 5. Using (H2), (H6) and (H10), we obtain (for u1, uz € WẸ? (Q, w1), u1 Æ ua) 


(Aui = Au» |u; = ua) = B(ui,ui = ua) = B(us, ui = ua) 


= | (A v) Van = a) n de | (Bs s Vun), Vu — ua) de 


+ f Ulei den — unde 
= | ERE E E TE I a Tee T 
- [Gm db — wa) de 

= ji (A(x, Vui) — A(x, Vua), V (u1 — u3)) wi dz 


«f (B(x, u1, Vui) — B(x, u2, Vua), V (u1 — u2)) we dx 
Q 





+f (stis us Vui) — H(z, us, vu) (uj — Ug) ws dx 
Q 


>of |V (ur — u2)|? w dz 
Q 


> 0. 


Therefore, the operator A is strictly monotone. Moreover, from (H3),(H7), (H11) and Re- 


mark 2.3(iii), we obtain 











(Auju) = B(u,u) 
= Bı(u, u) + B2(u, u) T Bs(u, u) 
= ] Ae v Vu) dz | (B(e,u, Vu), Vu) oa dz 
Q Q 
+ ] om unt 
Q 
= f Vul'ia dz + de | [Vul wde + Aa | [uff wde 
Q Q Q 
+ Xf Vul ws da + As f lul dz 
Q Q 
> x f Vul o, dx 
Q 
^ 
> = ula 
a (CB +1) ell ae un) 
Hence, since 1 < q, 5 < p < oo, we have 
(Au|u) 





4 > 
eas ee 
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that is, A is coercive. 


Step 6. We need to show that the operator A is continuous. 


Let u,,— uin X as m — oo. We have, 


[Bi (um, Y) — Bı (u, p)| 


EY f A 
jai 

ze» |Fjus — Fju 
j=1 M 

< (Slum - Bul 
j=l 

< (Solum - Bul 


j=l 


and, by Remark 2.3(i), 





- Ajo, Vu)l[Dyel un de 
(Dolon dz 
trou) Vel ls 


wenn) lellw2” (ou, 


Balum p) - Ba(w,g) € Y ri Bite Vis 5:5, Qus Viu) Dy a di 
Tope 


= S | Grim - GiillDiel on dz 
jene 


IA 


j=l 


IA 


j=l 


IA 


j=l 


and by Remark 2.3(ii) 


IA 


IB3 (Um, p) E Bs(u, q)| 


^ |^ 


IA 


(E lasun - Gili. Vell 
Coa 3M = Gli Wels 


cm ( S juu jul qas [iz esu. 


1 H(z, Um, Vua) — H(z, u, Vu)| |p| ws dx 
Q 


i |Hu,, — Hul] |p| w3 dx 
| Fup — Huj 
Cp,s || Hus, — Hu 
Cp,s || Hus, — Hu 











L5' (Q,us) lly L5(Q,w3) 








L5' (Quua) lhe eu) 








L5' (Qus) ello (oui) 
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for all o € WE? (Q, w1). Hence, 


IB(us; v) — Bu, v)| 
< [Bi (Um; p) m Bi(u, y)| + IBo(Um, p) z B2(u, v)| RE IBa(u,,, p) UU B3(u, v)| 
= P» (I5. = Full pean) + Cpg ||Gjtm — Gjul pa’ (Q,w2 | 

j=l 


+ Cp,s| Hum — Hu 








iaoa eines 


Then we obtain 


Aum — Aull, < X (I5. x Fjul|| pp’ (o y + C» 4l|G;um — jl qas 
j=l 
+ Cy .||Hun — Hu 








L5'(Q,ua)' 


Hence, using (3.2), (3.5) and (3.7) we have || Au,, — Au||,— 0 as m — +o, that is, A is 
continuous and this implies that A is hemicontinuous. 

Therefore, by Theorem 3.1, the operator equation Au = T has a unique solution 
u € WẸ? (Q, w1) and it is the unique solution for problem (P). 
Step 7. Estimates for || wt (ery: In particular, by setting y = u in Definition 2.3, we 
have 


(3.9) B(u, u) = Bi(u, u) + Ba(u, u) + Bs(u, u) = T(u). 
Hence, using (H3),(H7), (H11) and Remark 2.3(ii) we obtain 


Bi(u, u) + Be(u, u) + B3(u, u) 
= Í (A(x, Vu), Vu) wy dz + n 


(B(x, u, Vu), Vu) vadet | Hz u Vu) uendz 
Q 


Q 


>a f up wde X f Ius dz +A | |u|? w dx 
Q Q Q 
sgead |u|* ws dx 

Q 


a IVu[? w dx 


s 
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and 
T(u) = f tm Y | Dis 
< Wfofalieaanltlancnon + ( Z lhes Vul eu 
j=l 
< (Cra fol any Milla lugens 
j=l 
(3.11) = M [ul toto us); 


where M = Cpa || fo/all za’ (aw) + SoM fi /lle@un: Hence in (3.9), using (3.10) and 
j=l 
(3.11), we obtain 
Àl 


p 
(CE 1j limra SM Wells oaa 


Therefore 


CP 4 1\ VO) 
lalwa) < (8 ) MMe 





n 1/(p-1) 
€ (Coa folaloa +t flare) > 
j=l 


where C = ((C§ + DX) 

Example. Let Q = ((z, y) € R? : 324-3? < 1}, the weight functions wi (x, y) = (z?-- y?) 172, 
wo(x,y) = (a? + y?) 1/5, wlz, y) = (x? + y?) (wi € Aa, p = 4, q = 3 and s = 2), and the 
function 
































A:Qx SR? 
A((x, y), £) = hi (x,y) Eg, 


where hy (x,y) = 2e *), and 





B:QxRxR>R? 
B woe) x go(x, y) |&| £j 
where go(z, y) = 2 + cos(x? + y?), and 


























H:QxRxR OR 
H((x,y),, €) = nho(x,y), 


where Ai3(z, y) = 1 + cos?(zy). Let us consider the partial differential operator 























Lu(x,y) = —div (A((x, y), Vu) wi(z, y) - B((z, y), u, Vu) w(x, y)) Hr, y), u, Vu) wax, y). 
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Therefore, by Theorem 1.1, the problem 
cos(zy) ð ( sin(xy) O / sin(xy) 
L = = - Q 
d (y?) Ox (a *-9)/] 8yX( 42) " 
ulz) =0 on ðQ, 





has a unique solution u € Wi, w1). 


Corollary 3.2. Assume 1 < q « p < oo. Let the assumptions of Theorem 1.1 be fulfilled 
and let {fom} and {fim} (j =1,...,n) be sequences of functions satisfying 


(i) fom ani fo in L (Q, we); 
W2 W2 


(ii) fim _, fi in LP'(Q,w1) as m oo. 
Wy 


(Pm) 
dg (5 )-—— 0: on OQ, 


then u,— u in Wa" (Qu) and u is a solution of problem (P). 


Proof. We will split the demonstration in two steps. 
Step 1. If uj, u2 € Wi*(Q, w) are solutions of 


(P1) 


(P2) 


then for all y € WẸ? (Q, w1) we have 


[ MeV v dn f 


Q 


- | hod + Y. | tiDyeas, 
Q ja JO 


(B(x, uz, Vur), Vy) we dx + 1 (x, u1, Vur) Y w3 dx 
Q 


and 


[ Ae v vade f 


Q 


Q j=1 Q 


(B(x, us, Vua), Ve) wade + | (ss ua, Vus) gun dz 
Q 
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In particular for o = u; — uz , we obtain 
ri (A(x, Vui) — A(x, Vua), V (u1 — u3)) w dx 
Q 
«f (B(x, ui, Vui) — B(x, u2, Vue), V (u1 — u3)) w2 dx 
Q 


] Hæ Vun) = H(z, uz, Vuz)) (u1 - u2) W3 dx 
(3.12) = |h- fo)(ui — ua wes fs - D;(u1 — u2) dz. 


In (3.12) we have 
(i) By (H2) and Remark 2.3(iii) 


1 MG Sas ec A o uU EE E f Virsu ai 
Q 
A la — wl, 
zm CP 1 Es 1 uj — U2 1, wh? ( 
(ii) By (H6) we have 
| B(x, u1, Vui) — B(z, us, Vus), V(ui — u2)) w2 dz > 0. 

Q 

(iii) By (H10) we obtain 


[ete uj, Vur) — H(z, us, Vu3))(uy — u2) wa dx > 0. 
Q 


(iv) By Remark 2.3(i) 


| [h-en =) ae [te Dj(u1 — u2) dz 



































fo — fo bcd 
2 (Cr | 7d lui — Ueallya»aury: 
W2 IlL (Qw) FE W1 WLP’ (Qw) 
Therefore in (3.12) we obtain 
|ui — ux]|ywio (Q,w1) 
"EET 1/(p-1) 
(3.13) « C | fo — fo fo i Íi fj | ; 
W2 rewa) Gar WL P (nun) 


























where C = ((C? + 1)/6,)/@-». 


Qui) 
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Step 2. If um, us € Wo?(Q,w1) are solutions of (Pm) and (P;) respectively, then by (3.13) 


we have 


lum — Usll W271) 


fom — fos CE gee ee 
W2 


Wy 





1/(p-1) 
E lev [i | 























La’ (Qw) j= LP’ (Q,w1) 


Therefore, {um} is a Cauchy sequence in WE? (Q, w1). Hence, there exists u € WE? (Q, w1) 
such that um — u in WẸ? (Q, w1). We have that u is a solution of problem (P). In fact, since 
Um is a solution of problem (Pm), we obtain for all p € W” (Q, w1) 
(A(x, Vu), Vy) wi dx +f (B(x, u, Vu), Vy) wz dx + i. H(x,u, Vu) p w dx 
Q Q Q 
= f (A(x, Vu) — A(z, Vum), Vp) wi dx + I (B(x, u, Vu) — B(x, Um, Vua), V) we dx 
Q Q 


+ f leu, Vu) — H(z, Um, VUum)) Y w3 dx 
Q 


«f (A(x, Vua), Vo) w1 dw f (B(£, Um, VUm), VQ) wz dx 
Q 


Q 





+f H(£, Um, VUm) Y w3 dx 

Q 

= ji (A(x, Vu) — A(z, Vum), VQ) wi dz + if (B(x, u, Vu) — B(x, Um, Vu), VQ) we dx 
Q Q 


+ [tu Vu) — H(z, Um, VUm)) Y w3 dx 
Q 





P [ (fom — fo) pde + "(fim — fj) Djp dz 
j=l 


614 [ foede f fi Drede 


In (3.14) we have 
(i) By Step 1 and (3.2) 





] Ae vo — A(z, Vum), Vo) wi dz 
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IA 


IA 


— 


>| Fju — Fjum]| |Djp| wi dx 
j=l 


i | Fju = poaa) | [Vo] IG 
j=l 





6 | Pu = Basi) llellw2”@wr) 
j=l 


0 as m — oo. 


(ii) By Remark 2.3 (i), Step 2 and (3.5) 


IA 


IA 


IA 


— 


| f (B(x,u, Vu) — B(z, Um, Vua), VQ) we dx 
Q 





3 |B;(z, u, Vu) — B;j(z, Um, Vum)| |Djo| we dx 
j=l 


Y^ | Gju- Gil |Dyelwzde 
j=1 


( 


3 lle; - Gell aon JIVE Hane 


j=l 


Cp (X [Gju — Galeien) I [Vo] Ire tous) 


j=l 


Cra (X Gru - Gol auy lelro 


0 


= 
as m- oo. 


(ii) By Remark 2.3(ii), Step 3 and (3.7) 


IA 


IN IA IA 


1 





[tan Vu) — H(z, Um, Vum)) Y w3 dx 





Q 
(xr, u, Vu) — H(z, Um, Vum)| |p| w3 dx 
Q 


ji |Hu — Huml |p| ws dx 
Q 

| Hu — Hum| L5' (Q,w3) lly 
Cp,s ||Hu — Hu, | 
C, s || Hu — Hu, | 











L5(€,03) 





L5' (Quua) lel ioco uy 





L5' (Qus) ello tous) 


0 as m oo. 
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(iv) And 


| f on - fo) ete fim — fm) Djp dz 


< (o. d » 


LV (Qw) j= 
—0as m oo. 





fom = fo fo 


W2 


fim — fm 


Wy 


























NE TT 
LP (Q,w1) 


Therefore in (3.14) we obtain when m—> oo 


for 


= 


N 


w 


OU 





Q 











[ Amo ade | 


Q 
=f eds + | f Dyed. 
Q ja e 


all y € Wy’? (Q, w1), i.e., u is a solution of problem (P). 


(B(x,u, Vu), Vy) we dz | Hle, Vu) puede 
Q 
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